
 
Correspondence
Recall a correspondence between X and Y is a cycle in Xxx Namely if
dimx D and AeZrCXxy is a correspondence this gives something like a map

x 3 Tt Ati py A T y c 2d t
r
y

If we pass to classes via an adequate equivalence relation then A actually induces

group homomorphisms on the resulting groups

If given such a correspondence AECH Xxx note now we pass to classes we
can define a transpose TA as the image of A under the obvious morphism

CHXxxQ Is CHCYXX.IQ We now also set Corr Xi CHAY Q

Given fECorrCXd GECorrY Z we set gof Raz fxZ Xxg Checking
that this is an associative composition law is tedious one could use Lieberman's Lemma
which is also tedious a technical but not difficult

Lemm If fecorrlx.tl eeCorr x xD and Becerrily then we have Lxxp of pofota

We leave it to the reader to fill in the gaps and find the identity correspondence We
call this new category C SmPnoju and is already additive Any correspondence of degree
r induces morphisms fse cidx.IQ c Y Q Z pry fCprIczD If our equivalence
relation is finerthen homological we get Zr degree maps on the chosen Weil cohomology Note
the ramifications of conjecture D

Def A projector is an element pecorrXX s 1 popp
From now on X is cSmpreja ironed dimxd Then cortexy ctttcxxy.IQ Note all
projectors are contained in Corro x X

Motives

DetThe categoryMotel is the pseudoabelian completion i.e objects are pairs X p Xesmproju
and p a projector and Hour xplLYg qoCorro xHop Thecategory Mota consist of
triples x p n where nezand everything elsethe same Morphisms are
Hankxp m Cygus goCorr VxHop

If nut then this is the category of Chow motives If remain then its
called numerical motives In general we get a functor

h Smprojn Motu
X X Ax o is an adequate

CfX y Try hey h equivalence relation

In the special case of re rat we denote hit as chl 7 Lets now look at
some examples of motives



Example
1 The easiest example is of course the motive of a point hint Speck id o
We typically denote this as 11

2 Let X beirreducible of dimension d and assume XDk 101 Choose eexck and
define polX exX and padG Xxe We claim that these are projectors
Indeed denoting by Irs Xxxxx Xxx the projection omitting the middlefactor

polxlopolx its pdxxx Xxpox

its ex Xxx xxxx

exexX

Now since dim it exexX dim exX and deg exexXitizlexexX _1 this
equals pom The other is similar Moreover since dimexXxe dim exe we
also see that po xopzdLX pzdCXopoX 0 so these are orthogonal projectors So
we define

how x X pdx O and tied X padlx O
In Moti we know already that HomKX.p.co Lx go goCorro X4op andin
particular if X p o Xgo then idcHaul 3 is given by justp Hence
Two motives MandM bothwith integerzero are isomorphic if we have maps fgMIIM with got q idai a fog idm This means we have two correspondences f g
s 1

poglogof'op p and goftp.cjoq q
Now we claim that regardless of X in Smpruju irreducible dimension d honk lI
Indeed consider e Speck X andthestructuremaps X Speck Then compute idoetopoosoid
You can check by hand that this reduces to dos which is

e os Tun TBxSpeck Speck Tf
it speakxxxSpeck Speckx exSpeck
it Speckxexspeck speckxSpeck id projectorou II

Checking the other composition is an exercise Alsoofnote 421 Xd tidal forallpairs
3 If M Xp.m N Ygm then we can also define Nl0N XLIXptq m
The definition w different integers isskipped However we can check that for X
again irred setting pyx A poi pzdLx we get x how x HIM hated

4 Two important motives are the Lefschetz and Tate motives defined via

I P P'xeo HELP and IT Speck id 17

It actually turns outthat 1 Speck id 17 in addition Here I am told that 1 plays
the role of a fundamental class and It gives fate twists



5 If M X p U then l p is also a projector and h lxt lx.p.co x.tp.ci

Some more remarks are in order Namely Motu is a IQ linear psuedoabeliancategory
if we take Q coefficients and is a tensor category or at least has a tensor

operation given by
X p n Y q m Xxy pig ntm

If we use the unproven fact that 1 E Speck id 1 we see that
K It Further LIED h2dXd for all X irred of dim d hence
the fundamental class remarkearlier We also see that X p m E Xpo ITEM

On Mota there is also a duality operator D Moton Motu sending lxd.p.in
to XDTp d m This is an involution and allows us to define

his Dohn
which is a covariant functor This is important for a homological approach rather
then cohomological One other remark there are nonisomorphic varieties with isomorphic
motives

coh.noogyofMoti
For any projector p X X we have induced maps p Citi x CHICHA Hence
we can define the ith chew group of a motive M Cxpm as

CH m ImposeCHimX
We could also have defined CHilm Hourman k i M indeed

HommotulDEi M Hom Speckid i x pmD pocorrm SpeckX
portre CHitmex

Now by Lieberman's Iemma por idspechxp T so this is the same as Imps
There was nothing special about rat above Can define all cycle groups using
Homlbeism

If we have finer or equal to whom then projectors act on a Weil cohomology
theory via x pCd p d p up a Hence for M x p m we can
define

Hi M Imp aHitz x

Note that unless DC7 is true we cannot give Mot cohomology groups The subject of
motivic cohomology is far from trivial so we won't discuss it here



Motivesofcuries

Here we work specifically with coefficients in 21 and an algebraically closed field of
an appropriate characteristic

Let C be a curve over k assumed smooth and projective If we set
p c pt c De poco pz c then a socalled ChowKiinneth decomposition

ch C Chok ch c ch2 c

We have already seen or at least have seen claimed that chocc 11and
dice chYC for any other smooth projective curve then ch C had
better be interesting for the theory to mean anything As it turns out
it's extremely interesting

theorem
a The only nontrivial chow group of ch is CHfy c J c k
b Let C C be smooth projective curves then

Homma chic Ch C Homabuar Jcc Jk and

a man www.t.a µ µ µ µ wagon www.y.ee
are direct sums of ch C C some smooth projective curve Then
M is equivalent to the category of abelian varieties up to rational
isogeny

Sketchofproofi
a It is near obvious the only nontrivial one is CH'ay C Ginn seCH c
we see p x degkle e a knationalpoint Thus degcp x o which is in
JCC k

b Now if X is in Smprojn and xoeXk Then Alba is the universal abelian variety
w respect to maps X AbUan taking xo oeAlb NowPica is the picard scheme
and Pia the connected component ofthe identity Then there is a correspondence Px
in CH p xX taking R.co o tPCxo o which is final among pairs GD where DECH'Gx
D xo 0 and DsoleCHaffx SoeSae

Now if Y y is another based kvariety then
Housing xPig Homan Albi.Pic A DECH xxx Dexo o Deyo o

Note A CHXxx is not in general an isomorphism the kernel being divisors of the
product which do not project onto all of Xory All such can bewritten as DDixYeXxR

For smooth curves Abel's theorem gives Alba Jcc Pice Now we proveCb We have
µ CH Cxc HommeCelicaclico'D

T i sp.cc otop.cc
The kernel is exactly degenerate divisors Hence bythe above equalto HomµRicePie



NowforCc We claim the following If A is an AbVar then there exists a curve
C and a map JCC A We also claim Let A be an AbVan and a sub AbVar
B Then F C EA w Brc finite and C013 A

So given Jcc A taking duals gives some A eJcc isogenous to Jcc and an
Az s 1 A Az Jcc Now general nonsense about the Karoubian
completion gives the claim under the functor ch c Jcc and part b
showed fully faithful w rational coefficients Ba

ManiisIdentitypr.ua


